We investigate the influence of the additional third level on the dynamic evolution of a TwoLevel system interacting with a coherent field in the strong coupling regime where Rotating Wave Approximation is not valid. We find that the additional level has great influence on the evolution of the system population. Our results show that the Two-Level model is not a good approximation in this strong light-matter coupling regime. We further investigate the parameter space where the Two-Level model can still be justified.
I. INTRODUCTION
'Two-level approximation' is a very convenient tool to study light-matter interaction because of its simplicity and because of its applicability to a large number of real light matter interaction scenarios. This approximation together with Rotating Wave Approximation (RWA) can be easily justified when two distinct levels of a system weakly interact with the light field at resonance or quasi-resonance. The other levels of the system are far apart in energy and can be ignored along with the 'Counter Rotating Terms (CRT)'. However, RWA becomes invalid in strong light-matter coupling regime. This strong coupling regime is becoming more accessible for experiments [1] [2] [3] [4] , and hence there is a surge of interest in going beyond RWA (taking into account the effects of CRT) in the description of the interaction [5, 6] . The breakdown of RWA and the role of CRT has also been reported [7, 8] .
In the strong coupling regime, the two-level system without RWA has been very extensively studied [9] [10] [11] [12] [13] [14] [15] . In these studies the counter-rotating terms are taken into account, but the two-level approximation is still adopted. The counter-rotating terms involve the contribution proportional to 1/(ω ab + ω 0 ) where ω ab is the transition frequency of the system and ω 0 is the frequency of the field. If there is an additional level of the system (say |c with transition frequency ω ac ), the rotating wave terms on this transition will result in the contribution proportional to 1/(ω ac − ω 0 ), which can be larger than the contribution proportional to 1/(ω ab + ω 0 ). Consequently, neglecting the additional levels is questionable. Therefore, in the strong coupling regime where CRT effects have to be taken into account, the question 'whether the effects due to additional levels can be neglected?' needs to be treated carefully.
In this paper, we consider the effects of the third level on the population dynamics of a twolevel system in strong coupling regime, and focus on when the third level can be neglected.
The three level system interacting with resonant or quasi-resonant fields beyond RWA has also been studied, mainly in the context of trapping dark state in Λ configuration [16] [17] [18] [19] [20] .
However, these studies concerned with the effects of CRT terms on the three level system, and did not discuss the consequence of the third level on the evolution. In the present work we consider the three level 'V-system', where the third level is non-resonant and is far away in energy from the two-level transition, and study the effects of the third level on the population dynamics. Our focus is on when the effects of the third level will diminish in the strong coupling regime. 
where ω ab and ω ac are the transition frequencies for the excited states andb † ,b, and ω 0 are the creation and annihilation operators and the frequency for the field. The coupling constants g ab and g ac are real. We choose |n, l as the basis to write the system ket where n is the number of photon and l = {a, b, c} denotes the level of the system. The system ket can be written as
In this expressionĤ 0 = ω ab |b b| + ω ac |c c| + ω 0b †b is the non-interacting part of the Hamiltonian in eq(1). The system ket eq(2) actually consists of two independent kets that separately satisfy the Schrödinger equation. This is because of the fact that the Hamiltonian admits even and odd parity chains of evolution like the JCM Hamiltonian with CRT [5] .
One such chain consists of the states with even number of photons in |a and odd number of photons in |b and |c , and the other chain has states with odd number of photons in |a and even number of photons in |b and |c . The time evolution of the amplitudes is given
for excited states. In the following we solve these coupled differential equations numerically for a system that is initially in state |b , and for the field that is in a coherent state with average photon numbern = 10. The population in state |b = n |b n | 2 is calculated in the presence (g ac = 0) and the absence (g ac = 0) of the additional level |c . The summation in eq (2) is truncated at n = 200.
III. RESULTS & DISCUSSION
In FIG. 2 we show the population dynamics in the state |b in the absence (dashedgreen), and presence (solid-red) of the additional level |c for a moderately strong coupling g ab = 0.02ω ab . The difference of the two signifies the importance of additional level effects, and is shown in dotted (blue) curve. The dashed (green) curves exhibit traditional collapse and revival of the dynamics in the two-level model [21] superimposed by strong oscillations due to counter-rotating terms [13] . This behavior is modified by the additional level |c .
With the additional level present, and for short times, the dynamics follow the two-level case but at longer times strong differences appear in the dynamics. These differences can give us the criteria for the justification of 'Two-Level Approximation' in the strong coupling regime.
As we can see in the figure that for weak additional level coupling g ac /g ab → 0, the differences are small, and hence the approximation can be justified. However, for g ab /g ac = 0.5, a level placed at ω ac /ω ab = 1.3 strongly modifies the dynamics, and raises concerns on the two-level model. For still higher coupling g ac = g ab , even a level placed at ω ac /ω ab = 1.7 can not be ignored.
The additional level effects become more prominent when the two-level system is detuned 
